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ON BOUSFIELD’S PROBLEM FOR SOLVABLE GROUPS OF FINITE
PRU¨FER RANK
SERGEI O. IVANOV
Abstract. For a group G and R = Z,Z/p,Q we denote by GˆR the R-completion of G. We
study the map Hn(G,K) → Hn(GˆR,K), where (R,K) = (Z,Z/p), (Z/p,Z/p), (Q,Q). We
prove that H2(G,K) →H2(GˆR,K) is an epimorphism for a finitely generated solvable group
G of finite Pru¨fer rank. In particular, Bousfield’s HK-localisation of such groups coincides
with the K-completion for K = Z/p,Q. Moreover, we prove that Hn(G,K) → Hn(GˆR,K) is
an epimorphism for any n if G is a finitely presented group of the form G =M ⋊C, where C
is the infinite cyclic group and M is a C-module.
Introduction
Throughout the paper R denotes one of the rings Z,Q,Z/p and K denotes one of the fields
Q or Z/p, where p is prime. If R and K occur together, we assume that K is a quotient of R.
In other words, there are three variants for (R,K) ∶
(R,K) ∈ { (Z,Z/p), (Z/p,Z/p), (Q,Q) }.
Bousfield in [6] introduces the R-homological localization XR of a space X. It is a space XR
with an R-homology equivalence X → XR, which is universal among all R-homology equiva-
lences X → Y. He proves that the R-localization exists for any space. The R-localization is
well understood for 1-connected spaces. However, if X is not 1-connected, even the compu-
tation of pi1(XR) can be a very difficult problem. Bousfield reduces the problem to a purely
algebraic problem introducing the HR-localization GHR of a group G. It is a group GHR
together with a homomorphism G → GHR that induces an isomorphism on the level of the
first homology H1(G,R) ≅ H1(GRH ,R), an epimorphism on the level of the second homology
H2(G,R) ↠ H2(GHR,R) and which is universal among such homomorphisms G → H . He
proves that the HR-localization exists for any group and
pi1(XR) = pi1(X)HR.
The construction of the HR-localization is not explicit and it is still difficult to compute it.
But we can compare the HR-localization with the more explicit construction of R-completion
of a group G, which is defined as follows
GˆR =
⎧⎪⎪
⎨
⎪⎪⎩
lim
←Ð
G/γRi G, if R ∈ {Z,Z/p}
lim
←Ð
G/γQi G⊗Q, if R = Q,
where γRi G is the lower R-central series of G and − ⊗Q denotes the Malcev completion (P -
localization, where P is the set of all primes, in terms of [12]) of a nilpotent group. There is
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a natural homomorphism
(0.1) GHR Ð→ GˆR.
If the map (0.1) is an isomorphism, the group G is called HR-good (similarly to R-good
spaces). Otherwise, it is called HR-bad. In the book of Bousfield [7] there is only one
problem:
Problem (Bousfield): Is there an HK-bad finitely presented group for K = Q or K = Z/p?
It is known that a group G is HR-good if and only if the map H1(G,R) →H1(GˆR,R) is an
isomorphism and H2(G,R) → H2(GˆR,R) is an epimorphism. If G is finitely generated, then
H1(G,R) →H1(GˆR,R) is an isomorphism (because GHR/γRω (GHR) = GˆR [7]). So the problem
of Bousfield can be reformulated as follows: Is there a finitely presented group G such that
H2(G,K) →H2(GˆK ,K) is not an epimorphism for K = Q or K = Z/p?
We are interested not only in GˆK for K = Z/p,Q. The pronilpotent completion GˆZ is
interesting as well. It is easy to find an example of an HZ-bad finitely presented group (for
example, Klein bottle group Z ⋊ C). However, the homomorphism on the level of homology
with finite coefficients H2(G,Z/p) → H2(GˆZ,Z/p) is usually an epimorphism for all examples
that we know. So we generalise the problem of Bousfield and formulate it in the form of
conjecture.
Conjecture: If G is a finitely presented group, then the map
(0.2) H2(G,K) Ð→ H2(GˆR,K)
is an epimorphism for (R,K) ∈ {(Z/p,Z/p), (Z,Z/p), (Q,Q)}.
In [13] Roman Mikhailov and I proved that the conjecture is true for the class of metabelian
groups. Generally we do not believe that the conjecture is true for all finitely presented groups.
We tried to find a counterexample among those solvable groups, for which we can compute
H2(GˆR,K). For example, for Abels’ group [1] (which is known as a counterexample for some
conjectures that are true for metabelian groups) or for finitely presented groups of the form
N ⋊ C, where C is the infinite cyclic group and N is nilpotent. But in all these cases the
map turns out be an epimorphism. Then I found a reason why in all these cases the map is
an epmorphism. All these groups are of finite Pru¨fer rank. The first goal of the paper is to
study homological properties of GˆR for solvable groups G of finite Pru¨fer rank and prove the
conjecture for them.
Recall that a group is of type Fn if it has a classifying space, whose n-skeleton is finite.
A group is of type F1 if and only if it is finitely generated. A group is of type F2 if
and only if it is finitely presented. It seems, it is natural to look at the homomorphism
Hn(G,K) → Hn(GˆR,K) for a group G of type Fn for any n and ask, when it is an
epimorphism. So the most general problem in this direction is the following.
Problem: Describe groups G of type Fn such that the map
(0.3) Hn(G,K) Ð→ Hn(GˆR,K)
is an epimorphism.
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Bousfield proofs [8] that one of the groups H2(FˆZ/p,Z/p), H3(FˆZ/p,Z/p) is not trivial for
a free group F , and hence, not for all groups of type Fn the map (0.3) is an epimorphism.
However, it seems the class of groups of type Fn such that the map (0.3) is an epimorphism
is very large. We denote by C the infinite cyclic group. If M is a C-module, we can consider
the semidirect product M ⋊C. Bieri and Strebel describe all modules M such that M ⋊C is
finitely presented [3, Th. C]. It can be shown, and we will show this later, that if M ⋊ C is
finitely presented, thenM ⋊C is of type Fn for any n. The second goal of the article is to prove
that for any finitely presented metabelian group of the form G = M ⋊C the homomorphism
(0.3) is an epimorphism for any n.
Usually we look at the R-completion GˆR as on a discrete group. But it turned out that for
our purposes it is useful to look on this group as on a topological group with the topology
of inverse limit. Unfortunately, the standard continuous cohomology of topological groups
[17] behave well enough only for compact groups. Because of this, we introduce unform
cohomology H∗u(G ,K) of a topological group G , which are defined similarly to continuous
cohomology, but instead of continuous chains we consider uniform chains. Here we consider
only topological groups, whose left and right uniform structures coincide. We like the uniform
cohomology more then the continuous cohomology because they send inverse limits to direct
limits in a more general case (see Proposition 2.6). A topological group G is said to be
n-cohomologically discrete over K if the obvious map is an isomorphism
Hmu (G ,K) ≅ H
m(G ,K)
for any m ≤ n. If a topological group is n-cohomologically discrete over K for any n, we call
it just cohomologically discrete over K. This definition is interesting for us because of the
following statement that we prove.
Proposition. Let G be a finitely presented group. If GˆR is 2-cohomologically discrete over
K, then the map (0.2) is an epimorphism.
For more detailed version and the proof see Proposition 4.3.
A group G is of finite Pru¨fer rank (special rank, reduced rank) if there is a number r such
that any finitely generated subgroup of G can be generated by r generators. The minimal
r = r(G) with this property is called Pru¨fer rank of G. If there is a short exact sequence of
groups G′ ↣ G ↠ G′′, then G is of finite Pru¨fer rank if and only if G′ and G′′ are of finite
Pru¨fer rank and r(G) ≤ r(G′) + r(G′′) [15, Lemma 1.44]. Let A be an abelian group. For
prime p we set
pA = {a ∈ A ∣ pa = 0}.
The group A is of finite Pru¨fer rank if and only if A ⊗Q is finite dimensional over Q, pA is
finite dimensional over Z/p and the dimensions are bounded over all p [15, pp. 33-34]. In this
case
r(A) = dimQ(A⊗Q) +max{dimZ/p(pA) ∣ p is prime}.
Obviously, a solvable group G is of finite Pru¨fer rank if and only if there is a finite sequence of
normal subgroups G = U1 ⊇ ⋅ ⋅ ⋅ ⊇ Us = 1 such that Ui/Ui+1 is an abelian group of finite Pru¨fer
rank. For example, the group Z[1/2] ⋊C, where C = ⟨t⟩ is the infinite cyclic group acting on
Z[1/2] by the multiplication on 2, is a finitely generated non-polycyclic metabelian group of
Pru¨fer rank 2. We prove the following theorem.
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Theorem. Let G be a solvable group of finite Pru¨fer rank. Then GˆR is cohomologically
discrete over K. Moreover, if G is finitely generated, then the map (0.2) is surjective and G
is HK-good.
For a more detailed version and the proof see Proposition 4.7 and Theorem 4.9.
We denote by C the infinite cyclic group. A finitely generated C-module M is called tame
if: (1) the torsion subgroup tor(M) is finite; (2) M ⊗Q is finite dimensional; (3) there exists
a generator t of C such that the characteristic polynomial of t⊗Q ∈ GL(M ⊗Q) is integral.
Bieri and Strebel proved [3, Th. C] that the group G = M ⋊ C is finitely presented if and
only if the C-module M is tame. Note that a tame C-module is of finite Pru¨fer rank. Hence,
G = M ⋊C is a metabelian group of finite Pru¨fer rank. It follows from the main theorem of
[2] that G is of type FPn for any n. By [4] we know that FPn implies Fn. Therefore, if M is
a tame C-module, M ⋊C is of type Fn for any n. We prove the following theorem.
Theorem. Let M be a tame C-module and G =M ⋊C. Then the map (0.3) is an epimor-
phism for any n.
For more detailed version see Proposition 5.7 and Theorem 5.8. Moreover, we prove the
following. If C = ⟨t⟩ andM(t−1) ⊆ pM, then the map (0.3) gives an isomorphism H∗(G,Z/p) ≅
H∗(GˆZ/p,Z/p) and it follows that the Z/p-localization of the classifying space is the classifying
space of the Z/p-completion
(0.4) (BG)Z/p ≅ B(GˆZ/p).
In particular, the isomorphism (0.4) holds in the case G = Zn ⋊a C, where C acts on Zn by a
matrix a ∈ GLn(Z) such that entries of a − 1 are divisible by p.
A lot of things can be done much simpler here, if we assume that K ≠ Z/2 ≠ R and use the
natural isomorphism
H∗(A,Z/p) ≅ Λ∗(A/p)⊗ Γ∗/2(pA)
for an abelian group A and p ≠ 2 (see [9, Ch. V, Th. 6.6], [10]). But we intentionally do not
use it because we want to cover the case of K = Z/2.
The paper is organised as follows. In Section 1 we prove some lemmas that generalise
the standard fact that, if a morphism of converging spectral sequences is an isomorphism
on some page, then it converges to an isomorphism. In Section 2 we study inverse systems
of groups. Namely, we study relations between cohomology of the inverse limit, the direct
limit of cohomology and the uniform cohomology of the inverse limit. In section 3 we study
mod-p homology of a completion of a solvable group of finite Pru¨fer rank with respect to any
filtration. In Section 4 we study R-completions of groups. In particular, we prove here that,
if R-completion is 2-cohomologically discrete, then the map H2(G,K) → H2(GˆR,K) is an
epimorphism, and the main result that the R-completion of a solvable group of finite Pru¨fer
rank is cohomologically discrete over K. In Section 5 we prove that, for a tame C-module M,
if we set G =M ⋊C, then Hn(G,K)→Hn(GˆR,K) is an epimorphism.
1. Lemmas about spectral sequences
Lemma 1.1. Let f ∶ E → E′ be a morphism between two spectral sequences of cohomological
type converging to a morphism of graded abelian groups ϕ ∶ H → H ′ and r,n be natural
numbers. Assume that the spectral sequences are concentrated in the first quadrant. If for
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any pair of integers (k, l) such that (r − 1)k ≤ r(n − l) the morphism on the level of rth pages
fk,lr ∶ E
k,l
r → E′
k,l
r is an isomorphism, then ϕ
m ∶ Hm →H ′m is an isomorphism for m ≤ n.
Proof. Fix n. Note that for any pair (k, l) such that k + l ≤ n and any r the inequality(r − 1)k ≤ r(n − l) holds. First, assume that r ≥ n + 2. In this case, if k + l ≤ n, then Ek,lr = Ek,l∞
and E′k,lr = E
′k,l
∞ . It follows that ϕ
m is an isomorphism for m ≤ n. Prove now the statement for
r ≤ n + 2 by induction on n + 2 − r. We already proved the base step n + 2 − r = 0. Prove the
inductive step. The direct sum ⊕(k,l)∶(r−1)k≤r(n−l)E
k,l
r is a direct summand of the differential
module (Er, dr) because the bidegree of dr is (r,−r+1) and, if (k, l) satisfies (r−1)k ≤ r(n−l),
then (k+r, l−r+1) satisfies (r−1)(k+r) ≤ r(n−(l−r+1)). The same for E′ and fr ∶ Er → E′r
respects this decomposition. It follows that fr induces an isomorphism on (r + 1)st page
fk,lr+1 ∶ E
k,l
r → E′
k,l
r for indexes (k, l) such that (r − 1)k ≤ r(n − l). In particular, fk,lr+1 is an
isomorphism for the smaller set of indexes satisfying ((r + 1) − 1)k ≤ (r + 1)(n − l). The
assertion follows from the inductive hypothesis. 
There is a dual version. Formally it does not follow from the previous, but the proof is the
same.
Lemma 1.2. Let f ∶ E → E′ be a morphism between two spectral sequences of homological
type converging to a morphism of graded abelian groups ϕ ∶ H → H ′ and r,n be natural
numbers. Assume that the spectral sequences are concentrated in the first quadrant. If for
any pair of integers (k, l) such that (r − 1)k ≤ r(n − l) the morphism on the level of rth pages
f rk,l ∶ E
r
k,l → E
′r
k,l is an isomorphism, then ϕm ∶Hm →H ′m is an isomorphism for m ≤ n.
Proof. The proof is the same. 
There are two corollaries for the second page.
Corollary 1.3. Let f ∶ E → E′ be a morphism between two spectral sequences of cohomological
type converging to a morphism of graded abelian groups ϕ ∶H →H ′ and n be a natural number.
Assume that the spectral sequences are concentrated in the first quadrant. If for any pair of
integers (k, l) such that k ≤ 2(n − l) the morphism fk,l2 ∶ Ek,l2 → E′k,l2 is an isomorphism, then
ϕm ∶Hm → H ′m is an isomorphism for m ≤ n.
Corollary 1.4. Let f ∶ E → E′ be a morphism between two spectral sequences of homological
type converging to a morphism of graded abelian groups ϕ ∶H →H ′ and n be a natural number.
Assume that the spectral sequences are concentrated in the first quadrant. If for any pair of
integers (k, l) such that k ≤ 2(n − l) the morphism f 2k,l ∶ E2k,l → E′2k,l is an isomorphism, then
ϕm ∶Hm →H ′m is an isomorphism for m ≤ n.
2. Cohomology of inverse limits
Throughout the section we denote by P a fixed filtered partially ordered set (=directed set).
The word “filtered” means that for any i, j ∈ P there exists k ∈ P such that k ≥ i and k ≥ j.
The main example of P for us is N but occasionally we use other examples like all finitely
generated subgroups of a group. By a directed system in a category C we mean a functor
C ∶ P → C, where P is treated as a category. For i ∈ P we set C i ∶= C(i). Dually we define an
inverse system C ∶ P op → C. In the case of inverse systems we use the dual notation Ci ∶= C(i).
We say that a property holds for big enough i if there exists k ∈ P such that the property
holds for any i ≥ k.
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We use directed limits (=filtered colimits) lim
Ð→
of directed systems and inverse limits lim
←Ð
of
inverse systems. The important advantage of directed limits in contrast to inverse limits is
that lim
Ð→
∶ AbP → Ab is an exact functor.
Throughout the section G denotes an inverse system groups and epimorphims. We set
Gi ∶= G(i). So we assume that the homomorphism Gj → Gi is an epimorphism for any i ≤ j.
Let S be a commutative ring. A direct S[G]-module M is a direct system of abelian
groups, together with a structure of S[Gi]-module on M i such that M i →M j is a homomor-
phism of S[Gj]-modules for any i ≤ j. In the case S = Z we call them just direct G-modules.
If we set
Gˆ ∶= lim
←Ð
Gi, M˘ = lim
Ð→
M i,
then M˘ has a natural structure of a S[Gˆ]-module. Note that if G′ ↣ G ↠ G′′ is a short exact
sequence of groups and epimorphisms, then by Mittag-Leffler condition the sequence of inverse
limits Gˆ′ ↣ Gˆ↠ Gˆ′′ is short exact.
2.1. Cohomologically discrete direct modules. A direct G-module M is said to be n-
cohomologically discrete, if the homomorphism
lim
Ð→
Hm(Gi,M i)Ð→ Hm(Gˆ,M˘)
is an isomorphism for any m ≤ n (further we will prove that this definition is equivalent to
a definition given on the language of uniform cohomology for some class of direct modules
Proposition 2.7). The inverse system G is said to be n-cohomologically discrete over K if the
constant G-module K is n-cohomologically discrete. If G is n-cohomologically discrete K for
any n, it is called cohomologically discrete over K.
Proposition 2.1. Let G′ ↣ G ↠ G′′ be a short exact sequence of inverse systems of groups
and epimorphisms and M be a direct G-module. Assume that
(1) M is n-cohomologically discrete as a direct G′-module;
(2) the direct G′′-module Hm(G′,M) = {Hm(G′i,M i)} is 2(n−m)-cohomologically discrete
for any 0 ≤m ≤ n.
Then M is n-cohomologically discrete as a direct G-module.
Proof. For any fixed i the morphism of short exact sequences
1 Gˆ′ Gˆ Gˆ′′ 1
1 G′i Gi G
′′
i 1
and the homomorphism of Gˆ-modules Mˆ →M i yield a morphism of Lyndon–Hochschild–Serre
spectral sequences, whose second page component is
H∗(G′′i ,H∗(G′i,M i))Ð→H∗(Gˆ′′,H∗(Gˆ′, M˘))
and that converges to the morphism H∗(Gi,M i) → H∗(Gˆ,M˘). On the left hand we have
a direct system of spectral sequences. Since direct limit is an exact functor, we obtain the
spectral sequence of direct limits, whose second page is lim
Ð→
H∗(G′′i ,H∗(G′i,M i)) and that
converges to lim
Ð→
H∗(Gi,M i). Moreover, we obtain a morphism of spectral sequences, whose
second page component is
lim
Ð→
H∗(G′′i ,H∗(G′i,M i))Ð→ H∗(Gˆ′′,H∗(Gˆ′,M˘))
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and that converges to the homomorphism lim
Ð→
H∗(Gi,M i)→H∗(Gˆ,M˘). Assume that (k, l) is
a pair of non negative integers such that k ≤ 2(n − l). Then
lim
Ð→
Hk(G′′i ,H l(G′i,M i))Ð→ Hk(Gˆ′′, limÐ→H l(G′i,M i))
is an isomorphism because H l(G′,M) is 2(n − l)-cohomologically discrete. The map
lim
Ð→
H l(G′i,M i) → H l(Gˆ′,M˘) is an isomorphism because M is n-homologically discrete as
a direct G′-module. It follows that
lim
Ð→
Hk(G′′i ,H l(G′i,M i))Ð→ Hk(Gˆ′′,H l(Gˆ′,M˘))
is an isomorphism for pairs (k, l) such that k ≤ 2(n − l). The assertion follows from Corollary
1.3. 
Corollary 2.2. Let G′ ↣ G ↠ G′′ be a short exact sequence of inverse systems of groups and
epimorphisms. Assume that
(1) G′ is n-cohomologically discrete over K;
(2) the direct G′′-module Hm(G′,K) = {Hm(G′i,K)} is 2(n −m)-cohomologically discrete
for any 0 ≤m ≤ n.
Then G is n-cohomologically discrete.
2.2. Quasiconstant direct systems. Let A be an abelian category. A direct system A in
A is said to be zero-equivalent if for any i there is j > i such that the morphism Ai → Aj
vanishes. In this case lim
Ð→
Ai exists and vanishes.
Let A be a direct system in A. Assume that A˘ = lim
Ð→
Ai exists. Consider the kernels Bi =
Ker(Ai → A˘). They form a direct system of groups B. Then A is called quasiconstant if B is
zero-equivalent and the morphism Ai → A˘ is an epimorphism for big enough i. Equivalently,
A is quasiconstant if there exists a short exact sequence of direct systems B ↣ A ↠ C such
that B is zero-equivalent and C i → Cj is an isomorphism for big enough i and any j ≥ i. In
this case A˘ ≅ C i for big enough i.
Dually one can define zero-equivalent inverse systems and quasiconstant inverse systems.
Lemma 2.3. Let F ∶ Aop → B be an exact contravariant functor from an abelian category
A to an abelian category B. If A is a quasiconstant inverse system in A, then F(A) is a
quasiconstant direct system in B and
lim
Ð→
F(Ai) = F(lim
←Ð
Ai).
Proof. Obvious. 
Lemma 2.4. Let A be an inverse system (resp. directed system) of S-modules of finite
length over S. Assume that the lengths of the modules are bounded above i.e. there exists
n such that length(Ai) ≤ n (resp. length(Ai) ≤ n) for any i. Then A is quasiconstant and
length(lim
←Ð
Ai) ≤ n.
Proof. For any fixed i the system of images Im(Aj → Ai) for j ≥ i stabilises because Ai has
finite length. In other words there exists Ci ⊆ Ai such that Ci = Im(Aj → Ai) for big enough
j ≥ i. Note that the inverse system Ai/Ci is zero-equivalent. It is easy to see that Ci+1 → Ci
is an epimorphism. Hence, length(Cj) ≥ length(Ci) for j ≥ i. Since the lengths are bounded
above, Cj → Ci is an isomorphism for big enough i.
The proof for directed systems is similar. 
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A direct S[G]-module is called quasiconstant if it is qasiconstant as a direct system of
abelian groups.
Lemma 2.5. LetM be a direct S[G]-module such that eachM i is a Noetherian S[Gi]-module.
Then the following are equivalent.
(1) M˘ is a Noetherian S[Gˆ]-module.
(2) M is quasiconstant.
Proof. (2)⇒(1) is obvious because M˘ is a quotient of M i for big enough i.
(1)⇒(2). Since M˘ = ⋃∞i=1 Im(M i → M˘) and M˘ is Noetherian, we obtain Im(M i → M˘) = M˘
for big enough i. HenceM i → M˘ is an epimorphism for big enough i.Without loss of generality
we can further assume that it is an epimorphism for all i. Set N i = Ker(M i → M˘). Then we
have a short exact sequence of direct modules N ↣M↠ M˘. It follows that lim
Ð→
N i = 0. Hence
for any fixed i we have ⋃∞j>iKer(N i → N j) = N i. Using that M i is Noetherian, we obtain
N i = Ker(N i → N j) for big enough j. 
2.3. Cohomologically discrete inverse limits. Let G be a topological group, whose right
and left uniform structures coincide. For a topological G -module M we define uniform
cohomology of G with coefficients in M
Hnu (G ,M )
similarly to continuous cohomology [17] but instead of the complex of continuous cochains we
consider the complex of uniform cochains
Cnu (G ,M ) = {f ∶ G n → M ∣ f is uniform }.
If G is a compact topological group, uniform cohomology coincide with continuous cohomology.
A discrete G -module M is said to be n-cohomologically discrete if the morphism
Hmu (G ,M )Ð→ Hm(G ,M )
is an isomorphism for m ≤ n. The topological group A is said to be n-cohomologically discrete
over a commutative ring S if S is a n-cohomologically discrete G -module.
Proposition 2.6. Let M be a quasiconstant direct G-module. Consider Gˆ as a topological
group with the topology of inverse limit and M˘ as a discrete Gˆ-module. Then
H∗u(Gˆ,M˘) = limÐ→ H∗(Gi,M i).
Proof. Without loss of generality, we can assume that M i → M˘ is an epimorphism for any i.
Set N i ∶= Ker(M i → M˘). The short exact sequence N i ↣ M i ↠ M˘ gives rise a long exact
sequence
Hn−1(Gi,N i)→Hn(Gi,M˘)→Hn(Gi,M i)→Hn(Gi,N i).
Since N is zero-equivalent, H∗(Gi,Ni) is zero-equivalent as well. Since the functor of direct
limit is exact, it follows that lim
Ð→
Hn(Gi,M˘) ≅ limÐ→Hn(Gi,M i).
Now we need to prove that H∗(Gˆ,M˘) = lim
Ð→
H∗(Gi,M˘). Since the functor of direct limit
is exact, it is enough to prove that Cnu (Gˆ,M˘) = limÐ→ Cn(Gi,M˘). Consider the morphism
lim
Ð→
Cn(Gi,M˘) → Cnu (Gˆ,M˘). Since the maps Gˆ → Gi are epimorphisms, we get that it is
a monomorphism. In order to prove that it is an epimorphism, we need to prove that for
any f ∈ Cnu (Gˆ,M˘) there exists i and f¯ ∈ Cn(Gi,M˘) such that f is a composition of f¯
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and the projection Gˆn → Gni . Set Hi ∶= Ker(Gˆ → Gi). Then the uniform structure on Gˆ is
generated by sets Ui = {(g, g′) ∣ gHi = g′Hi}. It follows that for any f there exists i such that
f(g1, . . . , gn) = f(g′1, . . . , g′n) whenever gkHi = g′kHi for any k. Then, if we identify Gi with
Gˆ/Hi, we can define f¯(g1Hi, . . . , gnHi) = f(g1, . . . , gn). 
Corollary 2.7. Let M be a quasiconstant direct G-module. Then M is n-cohomologically
discrete as a direct G-module if and only if M˘ is n-cohomologically discrete as a discrete
Gˆ-module.
Proposition 2.8. Let G′ ↣ G ↠ G′′ be a short exact sequence of inverse systems of groups
and epimorphisms and M be a quasiconstant direct G-module. Assume that
(1) M˘ is n-cohomologically discrete as a discrete Gˆ′-module;
(2) the discrete Gˆ′′-module Hm(Gˆ′,M˘) is 2(n − m)-cohomologically discrete for any
0 ≤m ≤ n.
(3) the direct system Hm(G′i,M i) is quasiconstant for any 0 ≤m ≤ n.
Then M˘ is n-cohomologically discrete as a discrete Gˆ-module.
Proof. By Corollary 2.7 we obtain thatM is n-cohomologically discrete as a direct G′-module.
Then by Proposition 2.1 and the Corollary 2.7 it is enough to prove that {Hm(G′i,M i)} is
2(n−m)-cohomologically discrete direct G′′-module for any 0 ≤m ≤ n. Fix k ≤ 2(n−m). Then
we need to prove that lim
Ð→
Hk(G′′i ,Hm(G′i,M i)) ≅Hk(Gˆ′′, limÐ→Hm(G′i,M i)). We have
lim
Ð→
Hk(G′′i ,Hm(G′i,M i)) ≅ Hku(Gˆ′′, limÐ→Hm(G′i,M i))
because Hm(G′i,M i) is quasiconstant. We have
Hku(Gˆ′′, limÐ→Hm(G′i,M i)) ≅ Hku(Gˆ′′,Hm(Gˆ′,M˘))
because M is n-cohomologically discrete over G′. We have
Hku(Gˆ′′,Hm(Gˆ′,M˘)) ≅ Hk(Gˆ′′,Hm(Gˆ′,M˘))
because Hm(Gˆ′,M˘) is 2(n−m)-cohomologically discrete as a discrete Gˆ′′-module. And using
again that M is n-cohomologically discrete over G′ we get
Hk(Gˆ′′,Hm(Gˆ′,M˘)) ≅Hk(Gˆ′′, lim
Ð→
Hm(G′i,M i)).
Composing these isomorphisms we obtain that {Hm(G′i,M i)} is 2(n −m)-cohomologically
discrete direct G′′-module for any 0 ≤m ≤ n. 
3. Mod-p homology of completions of abelian and solvable groups
of finite Pru¨fer rank
For an abelian group A we set
nA = {a ∈ A ∣ na = 0}, (n)A = ∞⋃
i=1
niA,
tor(A) = ∞⋃
n=1
nA, A/n = A/nA.
We freely use that for a torsion free abelian group A there are isomorphisms H∗(A) ≅ Λ∗(A)
and H∗(A,Z/p) ≅ Λ∗(A/p). If we set V ∨ = HomZ/p(V,Z/p), then H∗(A,M∨) =H∗(A,M)∨ for
a Z/p[A]-module M. If M is finite, (M∨)∨ =M. Then for a finite Z/p[A]-module there is an
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isomorphism H∗(A,M) = H∗(A,M∨)∨. Using this, one can obtain cohomological versions of
all homological statements in the section.
3.1. Lemmas about abelian groups.
Lemma 3.1. Let f ∶ A→ B be a homomorphism of abelian groups.
(1) If f induces isomorphisms A/p ≅ B/p and pA ≅ pB, then it induces an isomorphism
H∗(A,Z/p) ≅ H∗(B,Z/p).
(2) If f induces trivial maps A/p 0Ð→ B/p and pA 0Ð→ pB, then the map Hn(A,Z/p) 0Ð→
Hn(B,Z/p) is trivial for n ≥ 1.
Proof. (1) First assume that B = 0 and prove that Hn(A,Z/p) = 0 for n ≥ 1. Consider the
torsion subgroup tor(A) ⊆ A and the torsion free quotient tf(A) = A/tor(A). Then tf(A)/p = 0,
and hence, H∗(tf(A),Z/p) = Λ∗(tf(A)/p) = 0. Since pA = 0, we have (p)A = 0, and then tor(A)
consists of non-p-torsion. Then Hn(tor(A),Z/p) = 0. Then the second page of the spectral
sequence H∗(tf(A),H∗(tor(A),Z/p)) consists of zeros except the position (0,0).
If f is a monomorphism, the cokernel D has the properties pD = 0 and D/p = 0 because of
the exact sequence 0 → pA → pB → pD → A/p → B/p → D/p → 0. Then Hn(D,Z/p) = 0 for
n ≥ 1, and using the spectral sequence H∗(D,H∗(A,Z/p))⇒H∗(B,Z/p) we obtain the result.
The proof is similar if f is an epimorphism.
Consider the general case. Denote by I the image of f. Since f induces isomorphisms
pA ≅ pB and A/p ≅ B/p, the maps pA→ pI and A/p→ I/p are monomorphisms and the maps
pI → pB and I/p→ B/p are epimorphisms. Using that − ⊗Z/p is right exact and Tor(−,Z/p)
is left exact, we obtain that A/p → I/p and pI → pB are isomorphisms. Then all these four
maps are isomorphisms and, using that we proved above, we get H∗(A,Z/p) ≅ H∗(I,Z/p) ≅
H∗(B,Z/p).
(2) Denote by P the set of couples of finitely generated abelian groups (A′,B′) such that
A′ ≤ A, B′ ≤ B and f(A′) ≤ pB′. Consider P with the natural filtered order. Obviously
we have B = ⋃(A′,B′)∈P B′. Prove that A = ⋃(A′,B′)∈P A′. Indeed, for any finitely generated
subgroup A′ ≤ A generated by a1, . . . , am we have f(ai) ∈ pB because the map A/p → B/p
is trivial. Hence, we can find b1, . . . , bm ∈ B such that pbi = f(ai) and consider the subgroup
B′ generated by them. Therefore (A′,B′) ∈ P and A = ⋃(A′,B′)∈P A′. Then A = limÐ→(A′,B′)∈P A′
and B = lim
Ð→(A′,B′)∈P
B′. So, using that homology commute with direct limits, we deduce the
statement to finitely generated abelian groups.
Prove the statement for finitely generated abelian groups. Using the functorial isomorphism
H1(A,Z/p) = A/p we obtain the result for n = 1. Prove it for n ≥ 2. Using the Ku¨nneth formula,
we obtain that it is enough to prove this for three cases A = Z, A = Z/pk and A = Z/qk for
q ≠ p. For A = Z/qk and A = Z it is obvious because Hn(Z/qk,Z/p) = 0 and Hn(Z,Z/p) for
n ≥ 2.
Consider the case A = Z/pk. The assumptions on f imply that f factors through the homo-
morphism ϕ ∶ Z/pk → Z/pk of multiplication by p ∶ ϕ(a) = pa. Then it is enough to prove that
ϕ∗ ∶ Hn(Z/pk,Z/p) → Hn(Z/pk,Z/p) is trivial for n ≥ 2. Consider the functorial short exact
sequence Λ2(A/p) ↣ H2(A,Z/p) ↠ pA. Using that Λ2(Z/p) = 0, that ϕ induces the trivial
map p(Z/pk) → p(Z/pk) and that the sequence is functoral, we obtain the result for n = 2.
Since homology in our case are dual to cohomology, it is enough to prove for cohomology. The
map ϕ ∶H∗(Z/pk,Z/p)→ H∗(Z/pk,Z/p) is an algebra homomorphism. For odd p or p = 2 and
k > 1 we have isomorphism of algebras H∗(Z/pk,Z/p) ≅ Z/p[x, y]/(x2), and for p = 2 for k = 1
we have H∗(Z/2,Z/2) ≅ Z/2[x], where ∣x∣ = 1 and ∣y∣ = 2. Then H∗(Z/pk,Z/p) is generated in
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the first and the second degree. Then, using that the maps Hn(Z/pk,Z/p) → Hn(Z/pk,Z/p)
are trivial for n = 1,2, we obtain that they are trivial for all n. 
Lemma 3.2. Let A1 ← A2 ← . . . be an inverse sequence of abelian groups and epimorphisms
such that Ai/p is finite for any i. Then the obvious maps are isomorphisms
p(lim
←Ð
Ai) ≅ lim
←Ð
(pAi), (lim
←Ð
Ai)/p ≅ lim
←Ð
(Ai/p).
Proof. It follows from [13, Prop. 2.4.] and the Mittag-Leffler condition. 
Lemma 3.3. Let A be an abelian group such that A/p is finite for any p and A ⊇ A1 ⊇ A2 ⊇ . . .
be a sequence of subgroups. Set Aˆ = lim
Ð→
A/Ai and Aˆi = Ker(Aˆ → A/Ai). Then for any n there
exists i such that
Aˆi ⊆ nAˆ.
Proof. First we prove it for prime n = p. By Lemma 3.2 we get that Aˆ/p = lim
←Ði
(A/Ai)/p.More-
over, dim((A/Ai)/p) ≤ dim(A/p), and hence, the sequence stabilises: (A/Ai)/p = (Aˆ/Aˆi)/p =
Aˆ/p for big enough i. Thus pAˆ = pAˆ + Aˆi for big enough i. It follows that for any p there is i
such that Aˆi ⊆ pAˆ.
Now we prove the general case. Let n = p1 . . . pl, where p1, . . . , pl are primes. Prove by
induction on l. We already proved the base step. Set n′ = p2 . . . pl. Assume we proved the
statement for n′. Then there is i such that Ai ⊆ n′Aˆ. Set A′ = n′A and A′j = A
′ ∩Aj . It is easy
to see that n′Aˆ = Â′. Then there is j such that Aj = Aˆ′j ⊆ p1Â
′ = nAˆ. 
3.2. Lemmas about abelian groups of finite Pru¨fer rank. Recall that an abelian group
is of finite Pru¨fer rank if and only if the Q-vector space A⊗Q is finite dimensional, the Z/p-
vector space pA is finite dimensional for any p and the dimensions are bounded above for all
p [15, pp. 33-34]. In other words,
dimQ(A⊗Q) +max{dimZ/p(pA) ∣ p is prime } <∞.
For for an abelian group A of finite Pru¨fer rank we set
dQ(A) = dimQ(A⊗Q), dp(A) = dimZ/p(pA), Dp(A) = dQ(A) + dp(A).
Lemma 3.4. Let A be an abelian group of finite Pru¨fer rank. Then dimZ/p(A/p) ≤ Dp(A) and
for any subgroup B ≤ A
Dp(B) ≤Dp(A), Dp(A/B) ≤Dp(A).
Proof. The inequality Dp(B) ≤ Dp(A) is obvious because dQ(B) ≤ dQ(A) and dp(B) ≤ dp(A).
We set E = A/B and prove Dp(E) ≤Dp(A) and dim(A/p) ≤Dp(A).
First we prove it in the case E ≅ (Z/p)n. Take a p-basic subgroup A′ of A. Then A′/p ≅ A/p,
the sequence pA′ ↣ pA↠ p(A/A′) is short exact and A′ ≅ Z⊕k ⊕Z/pm1 ⊕ ⋅ ⋅ ⋅⊕Z/pml . Using the
monomorphisms A′⊗Q ↣ A⊗Q and pA′ ↣ pA, we obtain k ≤ dimQ(A⊗Q) and l ≤ dimZ/p(pA).
Using the isomorphism A′/p ≅ A/p, we get dimZ/p(A/p) = k + l ≤ Dp(A). The epimorphism
A↠ E induces an epimorphism A/p↠ E. It follows that Dp(E) = n ≤ k + l ≤ dimQ(A ⊗Q) +
dimZ/p(pA) =Dp(A).
Now we prove the general case. Denote the preimage of pE in A by A˜. Then we have an
epimorphism A˜↠ pE. As we proved above, dimZ/p(pE) ≤ dimQ(A˜⊗Q)+dimZ/p(pA˜). Consider
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the diagram with exact rows
0 A˜ A A/A˜ 0
0 pE E E/pE 0
Tensoring by Q we obtain the following.
0 A˜⊗Q A⊗Q (A/A˜)⊗Q 0
E ⊗Q (E/pE)⊗Q≅
Hence, dimQ(E⊗Q) ≤ dimQ((A/A˜)⊗Q). Using the two obtained inequalities and the equality
dimQ(A⊗Q) = dimQ((A/A˜)⊗Q) + dimQ(A˜⊗Q) we get
dimQ(E ⊗Q) + dimZ/p(pE) ≤
≤ dimQ((A/A˜)⊗Q) + dimQ(A˜⊗Q) + dimZ/p(pA) = dimQ(A⊗Q) + dimZ/p(pA).

Lemma 3.5. Let A be an abelian group of finite Pru¨fer rank, M be a finite Z/p[A]-module
and n ≥ 0. Then
dimZ/p(Hn(A,M)) ≤ nDp(A)−1 ⋅ dimZ/p(M).
Proof. We denote by (non-p)A the sum of q-power torsion subgroups for q ≠ p
(non-p)A =⊕
q≠p
(q)A.
Any finitely generated subgroup of A′ ≤ (non-p)A is a finite group of order prime to p.
Then by Maschke’s theorem we obtain Hn(A′,M) = 0 for n ≥ 1. Since homology com-
mute with direct limits and the group is the direct limit of its finitely generated subgroups,
we get Hn((non-p)A,M) = 0 for n ≥ 1. Using the spectral sequence of the short exact se-
quence (non-p)A↣ A↠ A/(non-p)A, we obtain H∗(A,M) ≅ H∗(A/(non-p)A,M(non-p)A). Moreover,
Dp(A) =Dp(A/(non-p)A). Then we can assume that A is q-torsion free for q ≠ p.
Further in the proof we assume that A is q-torsion free for a prime number q distinct from
p.
Prove for the case where A is one of the cyclic groups Z,Z/pk. If A = Z, then H1(A,M) =
MA ≤ M, Hn(A,M) = 0 for n ≥ 2 and Dp(A) = 1. If A = Z/pk = ⟨t⟩, then, if we set N =
1+t+t2+⋅ ⋅ ⋅+tpk−1 ∈ Z/p[A], we get H2m+1(A,M) =MA/M ⋅N , H2m(A,M) = {m ∈M ∣m ⋅N =
0}/M(1 − t) and Dp(A) = 1. In all these cases the equation holds.
Now we prove for the case of finitely generated A. Then A = A1 × ⋅ ⋅ ⋅ ×Am, where Ai is one
of the groups Z,Z/pk. The proof is by induction on m. Note that Dp(A) =m. The base step
was proved above. Set A˜ = A2×⋅ ⋅ ⋅ ×Am. Consider the spectral sequence H∗(A1,H∗(A˜,M))⇒
H∗(A,M). By induction hypothesis we have dim(Hi(A˜,M)) ≤ (n + 1)m−2 ⋅ dim(M) for i ≤ n.
Then dim(Hn−i(A1,Hi(A˜,M))) ≤ (n + 1)m−2 ⋅ dim(M). It follows that dim(Hn(A,M)) ≤ (n +
1) ⋅ (n + 1)m−2 ⋅ dim(M) = (n + 1)m−1 ⋅ dim(M).
Prove the general case. Consider a finitely generated subgroup A′ ≤ A. Since Dp(A′) ≤
Dp(A), using that we proved above, we obtain that dim(Hn(A′,M)) ≤ (n+1)Dp(A)−1 ⋅dim(M).
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Then the assertion follows from Lemma 2.4, the fact that homology commute with direct
filtered limits and that A is the direct limit of its finitely generated subgroups. 
Corollary 3.6. Let A be an abelian group of finite Pru¨fer rank, M be a finite Z/p[A]-module
and n ≥ 0. Then for any subgroup B ≤ A
dimZ/p(Hn(A/B,MB)) ≤ (n + 1)Dp(A)−1 ⋅ dimZ/p(M).
In particular, for fixed A,M,n the dimensions of Hn(A/B,MB) are bounded over all subgroups
B ≤ A.
Corollary 3.7. If A is an abelian group such that A/p and pA are finite for any p, then
Hn(A,Z/p) is finite.
Proof. Take the torsion subgroup tor(A) = ⊕ (p)A of A. Then (p)A is a an abelian group of
finite Pru¨fer rank. By Lemma 3.5 Hn(tor(A),Z/p) = Hn((p)A,Z/p) is finite for any n. Take
the quotient tf(A) = A/tor(A). Then Hn(tf(A),Z/p) = Λn(tf(A)/p), and hence, it is finite for
any n. It follows that for any finite Z/p-vector space Hn(tf(A), V ) is finite. Consider the
spectral sequence of the short exact sequence tor(A)↣ A↠ tf(A). Components of its second
page H∗(tf(A),H∗(tor(A),Z/p)) are finite. Then Hn(A,Z/p) is finite. 
Lemma 3.8. Let A be a abelian group of finite Pru¨fer rank and A = A1 ⊇ A2 ⊇ . . . a sequence
of subgroups. Set Aˆ = lim
←Ð
A/Ai. Then Aˆ/p and pAˆ are finite and
dimZ/p(Aˆ/p) ≤Dp(A), dimZ/p(pAˆ) ≤ Dp(A).
Proof. Set Bi = A/Ai. Lemma 3.2 implies that Aˆ/p = lim
←Ð
(Bi/p) and pAˆ = lim
←Ð
(pBi). By Lemma
3.4 we obtain that dimensions of Bi/p and pBi are bounded by Dp(A). Then Lemma 2.4
implies that the sequences pBi and Bi/p are quasistable and the dimensions of pAˆ and Aˆ/p
are bounded by Dp(A). 
3.3. Completions of abelian and solvable groups of finite Pru¨fer rank.
Proposition 3.9. Let A be an abelian group such that A/p and pA are finite for any p and
A = A1 ⊇ A2 ⊇ . . . be a sequence of subgroups and M be an Z/p[A]-module. Assume that
(1) the groups p(A/Ai) and Ai/p are finite for any i;
(2) for any i there is j > i such that Aj ⊆ pAi;
(3) pAi = 0 for big enough i;
(4) Ai acts trivially on M for big enough i.
Then the obvious morphisms are isomorphisms
H∗(A,M) ≅ lim
←Ð
H∗(A/Ai,MAi), H∗(A,M) ≅ lim
Ð→
H∗(A/Ai,MAi).
Proof. Since Ai acts trivially on M for big enough i, we have Hn(Ai,M) ≅ Hn(Ai,Z/p)⊗M
for big enough i. By assumption for any fixed i there exist j > i such that Aj ⊆ pAi and
pAj = 0. Then by Lemma 3.1 we obtain that for any n and big enough i (so big that
M is a trivial Ai-module) there exists j > i such that the map Hn(Aj ,M) → Hn(Ai,M)
is trivial. Therefore, the sequence Hn(Ai,M) is zero-equivalent for any n. For any i we
have a spectral sequence H∗(A/Ai,H∗(Ai,M)) ⇒ H∗(A,M). Since p(A/Ai),Ai/p are fi-
nite, we have that the second page consists of finite groups (Corollary 3.7). The func-
tor of inverse limit is exact on the category of finite abilian groups, and hence, we get
the spectral sequence lim
←Ð
H∗(A/Ai,H∗(Ai,M)) ⇒ H∗(A,M). Since the inverse sequence
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Hn(Ai,M) is zero-equivalent, we obtain lim
←Ð
H∗(A/Ai,Hn(Ai,M)) = 0 for n ≥ 1. Then
lim
←Ð
H∗(A/Ai,M) ≅ H∗(A,M).
For cohomology the proof is similar, if we use the formula H∗(A,M) ≅ H∗(A,M∨)∨ for a
group A and a finite Z/p[A]-module M . 
Proposition 3.10. Let A be an abelian group of finite Pru¨fer rank and let A ⊇ A1 ⊇ A2 ⊇ . . .
be a sequence of subgroups. Set Aˆ = lim
←Ð
A/Ai and Aˆi = Ker(Aˆ → A/Ai). Assume that M is
a finite Z/p[Aˆ]-module. Then Aˆi acts trivially on M for big enough i, the dimensions of the
sequences Hn(A/Ai,MAˆi) and Hn(A/Ai,M Aˆi) are bonded for any n, the groups Hn(Aˆ,M)
and Hn(Aˆ,M) are finite for any n, and the obvious maps are isomorphisms
H∗(Aˆ,M) ≅ lim
←Ð
H∗(A/Ai,MAˆi),
H∗(Aˆ,M) ≅ lim
Ð→
H∗(A/Ai,M Aˆi) ≅H∗u(Aˆ,M).
In particular, M is a cohomologically discrete Aˆ-module.
Proof. It is easy to see that Aˆk = lim
←Ði>k
Ak/Ai, that Aˆ/Aˆk ≅ A/Ak are of finite Pru¨fer rank
and ⋂ Aˆi = 0. In particular, pAˆi = 0 for big enough i. By Lemma 3.8 we obtain that Aˆk/p and
p(Aˆi) are finite. By Lemma 3.3 we obtain that for any i there is j > i such that Aˆj ⊆ pAˆi.
Since M is finite, G = AutZ(M) is finite. The action of Aˆ on M is given by a homomorphism
Aˆ → G. Since ∣G∣ ⋅ Aˆ is in the kernel of the homomorphism, Aˆi acts trivially on M for big
i (Lemma 3.3). Then we can use Proposition 3.9 for the sequence Aˆ ⊇ Aˆ1 ⊇ Aˆ2 . . . and
obtain the isomorphisms H∗(Aˆ,M) ≅ lim
←Ð
H∗(A/Ai,MAˆi) andH∗(Aˆ,M) ≅ limÐ→H∗(A/Ai,M Aˆi).
Moreover, we obtain M = MAˆi = M
Aˆi for big enough i. By Corollary 3.6 we obtain that the
dimensions ofHn(A/Ai,MAˆi) andHn(A/Ai,M Aˆi) are bounded for a fixed n. Then Lemma 2.4
implies that these sequences are quasiconstant. The last isomorphism follows from Proposition
2.6. 
Note that solvable group G is of finite Pru¨fer rank if and only if there is a finite sequence
of normal subgroups G = U1 ⊇ U2 ⊇ ⋅ ⋅ ⋅ ⊇ Us = 1 such that Ui/Ui+1 are abelian groups of finite
Pru¨fer rank.
Theorem 3.11. Let G be a solvable group group of finite Pru¨fer rank and let G ⊇ G1 ⊇ G2 ⊇ . . .
be a sequence of normal subgroups. Set Gˆ = lim
←Ð
G/Gi and Gˆi = Ker(Gˆ→ G/Gi). Assume thatM
is a finite Z/p[Gˆ]-module. Then Gˆi acts trivially on M for big enough i, the dimensions of the
sequences Hn(G/Gi,MGˆi) and Hn(G/Gi,M Gˆi) are bounded for any n, the groups Hn(Gˆ,M)
and Hn(Gˆ,M) are finite for any n, and the obvious maps are isomorphisms
H∗(Gˆ,M) ≅ lim
←Ð
H∗(G/Gi,MGˆi),
H∗(Gˆ,M) ≅ lim
Ð→
H∗(G/Gi,M Aˆi) ≅H∗u(Gˆ,M).
In particular, M is a cohomologically discrete Gˆ-module.
Proof. Let G = U1 ⊇ U2 ⊇ ⋅ ⋅ ⋅ ⊇ Us = 1 be a finite sequence of normal subgroups such that
Ui/Ui+1 are abelian groups of finite Pru¨fer rank and M be a finite Z/p[Gˆ]-module. The proof
is by induction on s. If s = 1, it follows from Proposition 3.10. Prove the induction step. Set
A = Us−1, Ai = A∩Gi, Aˆ = lim
←Ð
A/Ai, G′ = G/A, G′i = GiA/A, Gˆ′ = lim←ÐG′/G′i. Then there are
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short exact sequences Aˆ↣ Gˆ↠ Gˆ′. Note that G′/G′i = G/GiA. It follows that there is a short
exact sequence A/Ai ↣ G/Gi ↠ G′/G′i. We set Aˆi = Ker(Aˆ → A/Ai), Gˆi = Ker(Gˆ → G/Gi)
and Gˆ′i = Ker(Gˆ′ → G′/G′i). Then we obtain a commutative diagram, whose columns are short
exact sequences and the second and third rows are short exact sequences.
Aˆi Gˆi Gˆ
′
i
Aˆ Gˆ Gˆ′
A/Ai G/Gi G′/G′i.
Using 3×3-lemma, we obtain that Aˆi ↣ Gˆi ↠ Gˆ′i is a short exact sequence. By Proposition 3.10
Aˆi acts trivially on M for big enough i. It follows that the action of Gˆi on M factors through
Gˆ′i for big enough i. Then using the induction hypothesis, we obtain Gˆ
′
j acts trivially on M for
big enough j. Therefore, Gˆj acts trivially on M for big enough j. By Proposition 3.10 we ob-
tain that there is an isomorphism H∗(Aˆ,M) ≅ lim
Ð→
H∗(A/Ai,M Aˆi), all these groups are finite
Z/p[Gˆ′]-modules, where Gˆ′ = lim
←Ð
G/GiA, and the sequences H∗(A/Ai,M Aˆi) have bounded
dimensions, and hence, they are quasiconstant. Then by induction hypothesis we have
H∗(Gˆ′,H∗(Aˆ,M)) ≅ H∗u(Gˆ′,H∗(Aˆ,M)). By Proposition 2.6 we have H∗u(Gˆ′,H∗(Aˆ,M)) ≅
lim
Ð→
H∗(G′/G′i,H∗(A/Ai,M)). It follows that H∗(Gˆ,M) ≅ limÐ→H∗(G/Gi,M Gˆi). Proposition
2.6 implies that lim
Ð→
H∗(G/Gi,M Gˆi) ≅H∗u(Gˆ,M). The proof for homology is similar. 
4. R-completions
4.1. Definitions. Let R ∈ {Z,Z/p,Q}. Following Bousfield [7] we define lower R-central series
of a group G by recursion
γRi+1G = Ker(γRi G→ γRi G/[γRi G,G]⊗R),
where γR1 G = G. Then R-completion of G is defined as follows
GˆR =
⎧⎪⎪⎨⎪⎪⎩
lim
←Ð
G/γRi G, if R ∈ {Z,Z/p}
lim
←Ð
(G/γQi G⊗Q), if R = Q,
where −⊗Q is Malcev completion functor.
Remark 4.1. It is easy to prove by induction that
γQi G =
√
γZi G ∶= {g ∈ G ∣ gn ∈ γZi G for some n}.
It follows that G/γQi G⊗Q = G/γZi G⊗Q. Then GˆQ = lim←Ð(G/γZi G⊗Q).
A group G is said to be HR-good if the map H2(G,R) → H2(GˆR,R) is an epimorphism.
Moreover, it is interesting when the map H2(G,Z/p)→H2(GˆZ,Z/p) is an epimorphism.
G is called R-prenilpotent if γRi G = γ
R
i+1G for big enough i. In this case GˆR = G/γRi G for
R ∈ {Z,Z/p} and GˆQ = G/γQi ⊗ Q for big enough i. It follows that GˆR is discrete, and in
particular, cohomomologically discrete over any ring.
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4.2. 2-cohomologicaly discrete R-completions. We are interested in the map
(4.1) Hn(G,K) Ð→Hn(GˆR,K).
We denote by ΦRαHn(G,K) αth term of Dwyer filtration, which is defined as
ΦRαHn(G,K) = Ker(Hn(G,K)→Hn(G/γRαG,K)).
Using that Hn(G/γQi G,Q) = Hn(G/γQi G⊗Q,Q) (Proposition 2.5 of [12]) we obtain that the
map (4.1) factors throughHn(G/γRi G,K) for any finite i. On the other hand, the map G→ GˆR
factors through G/γωG. Hence
(4.2) ΦRωHn(G,K) ⊆ Ker(Hn(G,K)→ Hn(GˆR,K)) ⊆ ∞⋂
i=1
ΦRi Hn(G,K).
Lemma 4.2. Let G be a group and S be a quotient of R. Set Φi ∶= ΦRi H2(G,S).
(1) Then lim
←Ð
H2(G,S)/Φi = lim
←Ð
H2(G/γRi G,S) and there is an exact sequence
0→
∞
⋂
i=1
Φi → H2(G,S)→ lim
←Ð
H2(G/γRi G,S)→ lim
←Ð
1Φi → 0.
(2) Moreover, if S = K and H2(G,K) is finite dimensional, then there are short exact
sequences
0Ð→ Φj Ð→H2(G,K)Ð→ lim
←Ð
H2(G/γRi G,K) Ð→ 0
for big enough j, and the inverse sequence H2(G/γRi G,K) is quasiconstant.
Proof. The 5-term exact sequence gives the exact sequence
(4.3) 0Ð→ H2(G,S)/Φi Ð→ H2(G/γRi G,S)Ð→ γRi G/γRi G⊗ S Ð→ 0.
Since γRi G/γRi G ⊗ S is zero-equivalent, lim←ÐH2(G,S)/Φi = lim←ÐH2(G/γRi G,S). Then the (1)
follows from the short exact sequence Φi ↣H2(G,S)↠H2(G,S)/Φi.
If S = K and H2(G,K) is finite dimensional, then Vi and Φi stabilises. Hence lim
←Ð
1Φi = 0
and (4.3) implies that H2(G/γRi G,K) is quasiconstant. 
Proposition 4.3. Let G be a group such that H1(G,R) is finitely generated over R and
H2(G,K) is finite dimensional. Set Φi ∶= ΦRi H2(G,K). Then the following are equivalent.
(1) GˆR is 2-cohomologically discrete over K.
(2) The obvious maps give a short exact sequence
0Ð→ Φi Ð→ H2(G,K) Ð→H2(GˆR,K) Ð→ 0
for big enough i.
(3) H2(GˆR,K) ≅ lim
←Ð
H2(G/γRi G,K).
Proof. Since H1(G,R) is finitely generated over R, we have H1(G,R) ≅ H1(GˆR,R) (see [7]).
Thus H1(G,K) = H1(G/γRi G,K) = H1(GˆR,K) for any i > 1. Hence we need to think only
about the second (co)homology.
Lemma 4.2 implies that (2) and (3) are equivalent. Moreover, it implies thatH2(G/γRi G,K)
is quasiconstant and its inverse limit is finite dimensional. By Lemma 2.3 we get
that H2(G/γRi G,K) in a quasiconstant direct sequence with a finite dimensional in-
verse limit. It follows that (lim
←Ð
H2(G/γRi G,K))∗ = limÐ→H2(G/γRi G,K) ≅ H2u(GˆR,K) and(lim
Ð→
H2(G/γRi G,K))∗ = lim←ÐH2(G/γRi G,K), where (−)∗ = HomK(−,K). Using this, we get
that (3) is equivalent to (1). 
ON BOUSFIELD’S PROBLEM FOR SOLVABLE GROUPS OF FINITE PRU¨FER RANK 17
Remark 4.4. Using Proposition 4.3, the main result of [13] can be reformulated as follows.
If G is a finitely presented metabelian group, then GˆR is 2-cohomologically discrete over K.
4.3. Q-prenilpotent groups. Note that by definition G/γQi G is torsion free.
Lemma 4.5. A group G is Q-prenilpotent if and only if the sequence G/γQi G⊗Q stabilises.
Proof. If G is Q-prenilpotent, then obviously the sequence G/γQi G⊗Q stabilises. Assume now
that G/γQi G⊗Q stabilises and prove that G is Q-prenilpotent. Since −⊗Q is an exact functor,
this means that γQi G/γQi+1G⊗Q = 0 for big enough i. Using that γQi G/γQi+1G is torsion free, we
obtain that γQi G/γQi+1G = 0 for big enough i. Thus G is Q-prenilpotent. 
Lemma 4.6. Let A↣ G↠G′′ be a short exact sequence of groups such that
(1) G′′ is Q-prenilpotent.
(2) A is an abelian group such that A⊗Q is finite dimensional.
Then G is Q-prenilpotent.
Proof. We assue that A is a normal subgroup in G and A ↣ G is the embedding. Set Vi =(A/A ∩ γQi G)⊗Q. Then Vi is a quotient of A⊗Q. Consider the short exact sequence
0Ð→ Vi Ð→ G/γQi G⊗Q Ð→ G′′/γQi G′′ ⊗Q Ð→ 1.
Using that G′′ is Q-prenilpotent and A ⊗ Q is finitedimensional, we get that G′′/γQi G′′ ⊗ Q
and Vi stabilise. Then G/γQi G ⊗ Q stabilises. Then by Lemma 4.5 we obtain that G is
Q-prenilpotent. 
Proposition 4.7. Let G be a solvable group with a finite sequence of normal subgroups G =
U1 ⊇ U2 ⊇ ⋅ ⋅ ⋅ ⊇ Us = 1 such that Ui/Ui+1 are abelian and Ui/Ui+1 ⊗Q are finite dimensional.
Then G is Q-prenilpotent. In particular, GˆQ is cohomologically discrete over Q. Moreover, if
G is finitely generated, then it is HQ-good.
Proof. Using the Lyndon–Hochschild–Serre spectral sequence and induction on s, it is easy
to see that H2(G,Q) is finite dimensional. Then the assertion follows from Lemma 4.6 by
induction and Proposition 4.3. 
Remark 4.8. Note that we can not replace Q by Z or Z/p in Proposition 4.7. For example,
consider the group G = Z ⋊Z/2 with the sign action of Z/2 on Z. Then we have a short exact
sequence Z↣ G↠ Z/2, where Z/2⊗R and Z⊗R are finitely generated over R for R = Z,Z/2.
But G is not R-prenilpotent for R = Z,Z/2 because γZi (G) = γZ/2i (G) = 2i−1Z ⋊ 0 for i ≥ 2.
4.4. Completions of solvable groups of finite Pru¨fer rank. Recall that a solvable group
G is of finite Pru¨fer rank if there is a finite sequence of normal subgroups G = U1 ⊇ ⋅ ⋅ ⋅ ⊇ Us = 1
such that for any i the group Ui/Ui+1 is an abelian group of finite Pru¨fer rank.
Theorem 4.9. Let G be a solvable group of finite Pru¨fer rank. Then GˆZ and GˆZ/p are
cohomologically discrete over Z/p. Moreover, if G is finitely generated, then H2(G,Z/p) →
H2(GˆR,Z/p) is an epimorphism for R ∈ {Z,Z/p}.
Proof. Cohomological discreteness follows from Theorem 3.11. Using that Hn(A,Z/p) is finite
for an abelian group A of finite Pru¨fer rank, by induction, it is easy to check that Hn(G,Z/p)
is finite. Then the epimorphism follows from Proposition 4.3. 
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Proposition 4.10. Let A be a abelian group such that A/p and pA are finite. Then AˆZ/p is a
finitely generated Zp-module. Moreover, if tor(A) is finite and M is a finite Z/p[AˆZ/p]-module,
then
(4.4) H∗(A,M) =H∗(AˆZ/p,M).
Proof. The multiplication by pi gives an epimorphism A/p ↠ piA/pi+1A. It follows that
piA/pi+1A is finite and A/pi is finite for any i. Then AˆZ/p is a profinite abelian group. Note
that A/pi is a product of cyclic p-groups, and the number of the factors does not depend on i
because (A/pi)/p = A/p. It follows that AˆZ/p has a finite set of generators converging to 1 (see
Lemma 2.5.3 of [16]). For any other prime number q ≠ p we have (AˆZ/p)/q = lim
←Ð
(A/pi)/q = 0
(Lemma 3.2). Then by Theorem 4.3.5 of [16] we obtain AˆZ/p is a finitely generated Zp-module.
Assume that tor(A) is finite. Hence p(piA) = 0 for big enough i. Note that piA/pi+1A is
finite and A/pi is finite. Consider the group of automorphisms G = AutZ(M) and assume
that pt is the largest power of p that divides ∣G∣. Hence ptAˆZ/p ⊆ Ker(AˆZ/p → G). It follows
that ptAˆZ/p acts trivially on M. Then we can use Proposition 3.9 both for A and AˆZ/p. The
assertion follows. 
Remark 4.11. If A is an abelian group of finite Pru¨fer rank but the torsion subgroup is not
finite, the isomorphism (4.4) fails. For example, if Z/p∞ = lim
Ð→
Z/pi, then (Z/p∞)∧
Z/p
= 0 and
Z/p =H2(Z/p∞,Z/p) ≠ H2((Z/p∞)∧Z/p,Z/p) = 0.
5. Metabelian groups over C
5.1. Completion of modules. Let Λ be a Noetherian commutative ring and a◁ Λ be an
ideal. The a-adic completion of a Λ-module M is the inverse limit Mˆa = lim
←Ð
M/Mai. Denote
by ϕM ∶ M → Mˆa the obvious map. The completion of the ring itself Λˆa is a Noetherian
commutative ring [5, III, §3, Cor. of Prop.8] and Mˆa has a natural structure of Λˆa-module.
Moreover,
(5.1) Mˆa = ϕM(M) ⋅ Λˆa
[5, III, §3, Cor.1]. The functor M ↦ Mˆa is exact on the category of finitely generated Λ-
modules, there is an isomorphism
(5.2) Mˆa ≅M ⊗Λ Λˆa
for a finitely generated module M [5, III, §3, Th.3]. In particular, if N ≤M, we can identify
Nˆa with the submodule in Mˆa.
Consider the ring homomorphism ϕ = ϕΛ ∶ Λ→ Λˆa. Denote by aˆ = Ker(Λˆa ↠ Λ/a). Applying
the functor of the a-adic completion to the short exact sequence a ↣ Λ↠ Λ/a we get aˆ = aˆa.
Using (5.1) we obtain aˆ = Λˆa ⋅ϕ(a). If we identify (̂ai)a with the ideal of Λˆa and use (5.1), we
obtain
(5.3) (̂ai)a = ϕai(ai) ⋅ Λˆa = Λˆa ⋅ ϕ(ai) = aˆi.
Tensoring the short exact sequence aˆi ↣ Λˆa ↠ Λ/ai on M, we obtain the exact sequence
M ⊗Λ aˆi → Mˆ →M/Mai → 0, which implies
M/Mai = Mˆa/Mˆaaˆi.
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In particular, Λ/ai = Λˆa/aˆi. It follows that (Λˆa)∧aˆ = Λˆa. Assume that M is a finitely generated
Λˆa-module. Using (5.3) we obtainM⋅aˆi =M⋅ai. Then, using (5.2), the isomorphism (Λˆa)∧aˆ = Λˆa
and the equality M⋅ aˆi =M⋅ ai, we get
(5.4) Mˆaˆ = Mˆa =M.
Lemma 5.1. Let Λ be a Noetherian commutative ring, a,b are ideals of Λ and M be a finitely
generated Λ-module. Then (Mˆa)∧b = Mˆa+b = (Mˆb)∧a .
Proof. Note that Mˆai = Mˆ aˆi. Then we have Mˆa/Mˆaai =M/Mai. It follows that
M
Mai +Mbj
=
Mˆa
Mˆaai + Mˆabj
.
If we take M = Mˆa/Mˆabj , then (5.4) implies
lim
←Ð
i
Mˆa
Mˆaai + Mˆabj
= Mˆa/Mˆabj.
Therefore we have
lim
←Ð
j
lim
←Ð
i
M
Mai +Mbj
= (Mˆa)∧b .
Using that a double inverse limit is the limit over the ordered set N2 and that the diagonal{(i, i) ∣ i ∈ N} is a cofinal subset, we obtain
lim
←Ð
i
M
Mai +Mbi
= (Mˆa)∧b .
Finally, using that M(a + b)2i ⊆Mai +Mbi ⊆M(a + b)i, we obtain Mˆa+b = (Mˆa)∧b . 
Let A be a finitely generated abelian group and Λ be a Noetherian commutative ring. Then
the group ring Λ[A] is a Noetherian commutative ring. We denote by IΛ the augmentation
ideal of Λ[A], denote by p ⋅Λ[A] the ideal of Z[A] generated by p ∈ Λ ⊂ Λ[A] and set
Ip,Λ ∶= IΛ + p ⋅Λ[A] = Ker(Λ[A]↠ Λ/p).
Moreover, we set
I = IZ, Ip = Ip,Z.
It is easy to see that, if M is a Λ[A]-module, then its Z/p-completion as an abelian group
coincides with the p ⋅Λ[A]-adic completion
MˆZ/p = Mˆp⋅Λ[A].
In particular, it does not depend on Λ. Moreover, if A is generated by t1, . . . , tn, then IΛ =
∑Λ[A](ti − 1) and
MIΛ =∑M(ti − 1) =MI, MIp,Λ =MI + pM =MIp.
It follows that the completions do not depend on Λ
MˆIΛ = MˆI , MˆIp,Λ = MˆIp
and we can use the notations MˆI and MˆIp for any Λ.
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Corollary 5.2. Let A be a finitely generated abelian group, Λ be a Noetherian commutative
ring and M be a finitely generated Λ[A]-module. Then
(MˆZ/p)∧I = MˆIp = (MˆI)∧Z/p.
By Zp we denote the ring of p-adic integers Zp = lim
←Ð
Z/pi = ZˆZ/p.
Corollary 5.3. Let A be a finitely generated abelian group and M be a Zp[A]-module, which
is finitely generated over Zp. Then
lim
←Ð
(M/pi)∧I = MˆI = MˆIp .
Proof. It follows from the equation (M/pi)∧I = (Z/pi ⊗M) ⊗Zp[A] Ẑp[A]I = Z/pi ⊗ (M ⊗Zp[A]
Ẑp[A]I) = (MˆI)/pi, the equation MˆZ/p =M and Corollary 5.2. 
By C we denote the infinite cyclic group.
Lemma 5.4. Let K be an Artinian commutative ring and M be a K[C]-module, which is
finitely generated over K. Then the C-module MˆI is nilpotent, the homomorphism M → MˆI is
a split homomorphism of C-modules and there is an isomorphism
M =MI∞ ⊕ MˆI ,
which is natural by M, where MI∞ = ⋂∞i=1MI i.
Proof. We denote by a ∶ M → M the multiplication on t and set b ∶= a − 1. Then there is
positive integer n such that Im(bn) = Im(bn+1), Ker(bn) = Ker(bn+1) and V = Im(bn)⊕Ker(bn)
[14, Cor. 6.4.2]. Moreover, it is easy to see that MI i = Im(bi). It follows that MI i = Im(bn)
for i ≥ n, VˆI = Ker(bn) and V ≅ VˆI ⊕ V I i. 
Lemma 5.5. Let M be a Zp[C]-module, which is finitely generated over Zp. Then MI =
MIp the homomorphism M → MˆI splits in the category of C-modules and there is a natural
isomorphism
M =MI∞ ⊕MˆI ,
where MI∞ = ⋂MI i. Moreover, if C = ⟨t⟩ and M(t − 1) ⊆ pM, then M ≅ MˆI .
Proof. Since M is a finitely generated Zp-module, M is isomorphic to Znp ⊕⊕
m
j=1Z/pkj as an
abelian group. The quotientM/pi is a Z/pi[C]-module, which is finitely generated over Z/pi.
It follows that the map M/pi → (M/pi)∧I is a split epimorphism of Z/pi[C]-modules. Denote
the section by si ∶ (M/pi)∧I →M/pi. Moreover, using that the section is natural, we obtain
that the diagram
(M/pi)∧I M/pi
(M/pi−1)∧I M/pi−1
si
si−1
is commutative. It follows that {si} induce a section on the level of inverse limits. Using
Corollary 5.3, we obtain that M → MˆI is a split epimorphism of C-modules and the section
is natural. The kernel of the epimorphism equals to MI∞. Then M =MI∞ ⊕ MˆI . If MI =
M(t − 1) ⊆ pM, then MI i ⊆ piM, and hence, MI∞ = 0 and M = MˆI . 
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5.2. Completion of metabelian groups over C.
Lemma 5.6. Let G be a group, N be a nilpotent G-module and X be an abelian group. Then
Hn(N,X) is a nilpotent G-module.
Proof. LetN be a nilpotent G-module of classm. The proof is by induction onm. Ifm = 1, then
N is a trivial G-module, and hence, Hn(N,X) is trivial. Prove the inductive step. Consider a
short exact sequence T ↣N ↠N ′, where T is a trivial module and N ′ is a nilpotent module
of class m − 1. By inductive hypothesis the second page of the spectral sequence consists of
nilpotent modules Hi(N ′,Hj(T,X)). It follows that Hn(N,X) is nilpotent. 
By C we denote the infinite cyclic group. A group G is said to be metabelian over C if
there is a short exact sequence M ↣ G↠ C, where M is abelian. Then M can be considered
as a C-module, where the action of C is induced by the conjugation. It is easy to see that
G = M ⋊ C. Hence the group structure on G depends only on the C-module M. Then the
completions can be described as follows
(5.5) GˆZ = MˆI ⋊C, GˆZ/p = MˆIp ⋊Zp, GˆQ = (M ⊗Q)∧I ⋊Q,
where I is the augmentation ideal of Z[C] and Ip = I + p ⋅Z[C] (see Prop. 4.7 and Prop. 4.12
of [13]).
Proposition 5.7. Let M be a C-module such that M⊗Q is finite dimensional and G =M ⋊C.
Then the map
Hn(G,Q)↠Hn(GˆQ,Q)
is an epimorphism for any n.
Proof. Set V = M ⊗ Q. The homomorphism G → GˆQ induces a morphism of the spectral
sequences
Hi(C,Hj(M,Q)) Ð→ Hi(Q,Hj(VˆI ,Q)).
Note thatHi(C,−) = 0 andHi(Q,−) = 0 for i ≥ 2. Indeed, for C it is obvious and forQ it follows
from the fact that homology commutes with direct limits (H∗(limÐ→Gi,M) = limÐ→H∗(Gi,M)) and
Q = lim
Ð→
Z. Then the spectral sequences have only two nontrivial columns and the morphism
of spectral sequences gives a morphism of the short exact sequences
0 H0(C,Hn(M,Q)) Hn(G,Q) H1(C,Hn−1(M,Q)) 0
0 H0(Q,Hn(VˆI ,Q)) Hn(GˆQ,Q) H1(Q,Hn−1(VˆI ,Q)) 0.
Therefore, it is enough to prove that
Hi(C,Hn(M,Q)) Ð→ Hi(Q,Hn(VˆI ,Q))
is an epimorphism for any n and i = 0,1.
Note that H∗(C,Q) = H∗(Q,Q). Using this and the long exact sequence associated with a
short exact sequence of modules, we obtain
H∗(C,N ) = H∗(Q,N )
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for any nilpotent Q[Q]-module N . If N is a nilpotent Q[C]-module, there is a unique way to
lift the action of C = ⟨t⟩ to the action of Q = {tα ∣ α ∈ Q} on N ∶
xtα =
∞
∑
n=0
(α
n
)x(t − 1)n,
where α ∈ Q, x ∈ N (see Lemma 4.4 of [13]). The sum is finite because N (t − 1)n = 0 for big
enough n. It is easy to see from the formula that N (tα − 1) ⊆ N (t − 1). It follows that the
Q[Q]-module N is nilpotent if and only if it is nilpotent as a Q[C]-module.
The module VˆI is nilpotent as a Q[C]-module (Lemma 5.4). Then Hn(VˆI ,Q) is nilpotent
as Q[C]-module (Lemma 5.6), and hence, it is nilpotent as a Q[Q]-module. It follows that
Hi(C,Hn(VˆI ,Q)) =Hi(Q,Hn(VˆI ,Q)).
Hence it is sufficient to prove that the homomorphism
Hn(M,Q) Ð→ Hn(VˆI ,Q)
is a split epimorphism in the category of C-modules. Note that Hn(M,Q) = Λn(V ) and
Hn(VˆI ,Q) = Λn(VˆI). Then the assertion follows from the fact that V → VˆI is a split epimor-
phism of C-modules (Lemma 5.4). 
Theorem 5.8. Let M be a finitely generated C-module such that tor(M) is finite and M ⊗Q
is finite dimensional. Set G =M ⋊C. Then
H∗(GˆZ,Z/p) =H∗(GˆZ/p,Z/p)
and the morphism
Hn(G,Z/p) Ð→Hn(GˆZ/p,Z/p)
is an epimorphism for any n. Moreover, if C = ⟨t⟩ and M(t − 1) ⊆ pM, then
H∗(G,Z/p) ≅H∗(GˆZ/p,Z/p) and (BG)Z/p ≅ B(GˆZ/p).
Proof. Set M = MˆZ/p. Then M is a finitely generated Zp-module (Proposition 4.10) and it is
isomorphic to Zmp ⊕⊕
m
j=1Z/pkj as an abelian group. Using Corollary 5.2 and Lemma 5.5 we
obtain
MˆI = MˆIp = (MˆI)∧Z/p = MˆIp, M =MI∞ ⊕ MˆI .
It follows that
(5.6) H∗(M,Z/p)Ð→ H∗(MˆI ,Z/p)
is a split epimorphism of C-modules. By Proposition 4.10 we obtain H∗(M,Z/p) =
H∗(M,Z/p) and H∗(MˆIp ,Z/p) =H∗(MˆI ,Z/p) =H∗(MˆI ,Z/p). It follows that
(5.7) H∗(M,Z/p) Ð→H∗(MˆI ,Z/p)
is a split epimorphism of C-modules and
H∗(MˆI ,Z/p) = H∗(MˆIp,Z/p).
By Theorem 3.11 we get that Hn(MˆIp ,Z/p) is a finite Z/p[Zp]-module. Using Proposition
4.10, we obtain
H∗(C,Hn(MˆI ,Z/p)) =H∗(C,Hn(MˆIp ,Z/p)) = H∗(Zp,Hn(MˆIp,Z/p)).
Since GˆZ = MˆI ⋊C and GˆZ/p = MˆIp ⋊Zp, it follows that
H∗(GˆZ,Z/p) = H∗(GˆZ/p,Z/p).
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The homomorphism G→ GˆZ induces a morphism of the spectral sequences
Hi(C,Hj(M,Z/p)) Ð→ Hi(C,Hj(MˆI ,Z/p)).
The spectral sequences have only two nontrivial columns and the morphism of spectral se-
quences gives a morphism of the short exact sequences
(5.8)
0 H0(C,Hn(M,Z/p)) Hn(G,Z/p) H1(C,Hn−1(M,Z/p)) 0
0 H0(C,Hn(MˆI ,Z/p)) Hn(GˆZ,Z/p) H1(C,Hn−1(MˆI ,Z/p)) 0.
Using that the left and the right vertical arrows are split epimorphisms, we obtain that the
middle vertical arrow is an epimorphism.
Assume now M(t − 1) ⊆ pM. Then M(t − 1) ⊆ pM. Hence, MI∞ = 0. It follows that the
map (5.6) is an isomorphism. Then (5.7) is an isomorphism. Then the left and the right
vertical arrows in the diagram (5.8) are isomorphisms. Then H∗(G,Z/p) = H∗(GˆZ,Z/p) =
H∗(GˆZ/p,Z/p). Then BG → B(GˆZ/p) is a Z/p-homological equivalence. Moreover, the space
B(GˆZ/p) is Z/p-local because the group GˆZZ/p is HZ/p-local. It follows that (BG)Z/p =
B(GˆZ/p). 
Corollary 5.9. Let M be a C-module such that M ⋊C is finitely presented. Set G =M ⋊C.
Then
H∗(GˆZ,Z/p) =H∗(GˆZ/p,Z/p)
and the morphism
Hn(G,Z/p) Ð→Hn(GˆZ/p,Z/p)
is an epimorphism for any n. Moreover, if C = ⟨t⟩ and M(t − 1) ⊆ pM, then
H∗(G,Z/p) ≅H∗(GˆZ/p,Z/p) and (BG)Z/p ≅ B(GˆZ/p).
Corollary 5.10. Let a ∈ GLn(Z) such that entries of a−1 are divisible by p. Set G = Zn ⋊aC.
Then (BG)Z/p = B(GˆZ/p).
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